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ABSTRACT: We have measured, in situ, the evolution of the cluster size distribution of a condensing system
of high functionality antigens cross-linked by antibody, using a resistive pulse analizer. The distributions
were determined over the full range of values (0 < b < 1) of the bonding parameter (b) b = (1 - 1/7) where
71 is the mean number of units in the clusters. The normalized cluster size distributions (X,/X) are well described
by the form (X,/X) = (1 - b)e™(nb)*/n!. The critical exponents 7, &, and -yg describing the asymptotic

forms of this distribution and its second moment near the condensation point (

= 1) can be obtained. We

find v = 1.4 £ 0.15, v, = 2, and provisionally ¢ = !/,. The experimental distributions are compared with three
different classes of theoretical predictions: the solutions of the generalized Smoluchowski kinetic equations,
the equilibrium statistical distributions, and the theories of three-dimensional percolation.

The cluster size distribution of interacting particles plays
a central role in the characterization of condensing systems.
Such cluster size distributions occur in the study of: or-
ganic polymer reactions,'™ antibody-antigen agglutination
reactions,>’ percolation processes,?1° gas-liquid and
magnetic order—disorder phase transitions,!'"!% and col-
loidal'* and aerosol!® suspensions. The theories of the
cluster size distribution usually assume thermodynamic
equilibrium among the clusters for each value for the ex-
tent of the reaction.” Recently, modern theories of critical
phenomena have drawn attention to the use of static
scaling laws and critical exponents to describe the diver-
gence of the moments of the equilibrium cluster size dis-
tributions near the critical condensation point.’¢® On the
other hand, following von Smoluchowski,’® a number of
authors!>?-2 have focused on the kinetics of such reactions
and have computed the temporal evolution of the cluster
size distributions, using various mathematical forms for
the interparticle reaction rates.

0024-9297/80/2213-0939%$01.00/0

We report measurements of the distribution of cluster
sizes, using as the interacting particles polystyrene latex
spheres (diameter 0.235 um) upon whose surface the an-
tigen human serum albumin (hSA) has been covalently
bonded. These antigen coated carrier particles (units) are
cross-linked by complementary bivalent antibody
molecules—goat anti-hSA introduced into the solution.
The cluster size distribution was measured by using the
Nanopar resistive pulse particle size analyzer devised and
developed by De Blois and Bean.?#* This analyzer permits
the measurement of the number of units in the individual
clusters within our reaction mixture without disturbing the
reaction kinetics.

Our reacting particles and the measurement method
taken together provide a unique system for the quantita-
tive investigation of the cluster size distribution. The use
of antigen-coated carrier particles rather than polyfunc-
tional organic molecules (units) has the effect of increasing
the size of the units from ~100 A to ~2000 A and in-
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creasing their functionality from f ~ 4 to ~10%, The
increase in size permits the detection and sizing of the
individual clusters by the resistive pulse analyzer, while
the great increase in functionality permits a convenient
mathematical simplification of the theoretical form of the
cluster size distributions. The characteristic time for the
kinetic approach to steady state conditions for this reacting
system is ~5 h while the time required for the measure-
ment of the distribution is ~3 min. Thus the distribution
changes a negligible amount during the measurement time.
This, combined with the fact that the resistive pulse an-
alyzer does not disrupt the reaction process, permits a
continuous, in situ, measurement of the temporal evolution
of the cluster size distributions during the progress of the
reaction.

The agglutination of dense solutions of coated carrier
particles at a high concentration of cross-linking (agglu-
tinator) molecules is widely used as a scheme for clinical
immunoassay. There the appearance of a visible precip-
itate is used to detect the cross-linking agglutinator
molecule (e.g., antibody). In a series of papers® 2 we have
used quasielastic light scattering spectroscopy and classical
light scattering anisotropy measurements to detect small
changes in the cluster size distributions, using low con-
centrations of carrier particles and hence very low levels
of agglutinator. The observed changes in cluster size
distributions provide a very sensitive immunoassay. In
fact, the present detection method also may be used as an
immunoassay method?® which is as sensitive as our best
optical methods and is comparable to the sensitivity of the
ratio-immunoassay methods.

Experimental Section

Materials and Methods. (a) Materials. Carboxylated Dow
Chemical Co. latex spheres of diameter 0.235 um upon whose
surface the antigen, human serum albumin (hSA), had been
covalently bound by a carbodiimide reaction were kindly provided
through the courtesy of Dr. Hans Hager of the Hoffmann-La
Roche Co., Nutley, N.J. The stock solutions, as provided, con-
tained about 75% monomers and 25% aggregates by weight. We
removed the aggregates and obtained solutions containing at least
97% monomer by weight by the following centrifugal separation
method. Aliquots (50 uL) of the latex sphere stock solution were
layered on top of ~0.8 mL of a 10% sucrose solution (by weight)
in 1 mL test tubes. The density of the polystyrene latex is 1.05
g/cm? while that of the 10% sucrose solution is 1.04 g/cm®. This
small difference produces a low sedimentation velocity in the
centrifuge. The test tubes were spun at 200 g for 15-20 min. After
this time a layer containing latex sphere monomers had migrated
about 3-5 mm into the sucrose solution, while the aggregates were
found in a clearly separate distribution deeper in the solution.
The clearly distinct monomer layer was then withdrawn with a
syringe and used for subsequent measurements. The concen-
tration of hSA coated spheres used in our experiments was ~10
pg/mL (1.5 X 10%/mL). This was determined by dry weighing
and by use of the resistive pulse technique.?%

Solutions containing goat anti-hSA antibodies with a concen-
tration of 9.6 mg/mL as determined by precipitin analysis were
kindly provided by Dr. Hans Hager of the Hoffmann-La Roche
Co. and used as the cross-linking agent in our studies.

The agglutination reactions were performed at room temper-
atures (24 % 2 °C) after diluting the latex spheres and the an-
tiserum to the desired concentrations with 0.1 M Tris buffer at
pH 8.15. Buffer and diluted antibody were both filtered through
0.2 um Nuclepore filters obtained from the Nuclepore Corp.,
Pleasanton, Calif. The hSA coated spheres were incubated with
the antibody promptly after suitable dilution of the latter, thus
initiating the agglutination reaction. The Debye shielding length
in our solutions is determined from the ionic strength of the Tris
buffer to be ~5 A,

The specificity of the antibody for producing the agglutination
reaction was checked by incubating the hSA coated spheres with
rabbit antihuman chorionic gonadotropin (hCG) antibody. In
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this case, no aggregation was observed for concentration ranges
of latex spheres and antibody of interest over a period of up to
3 days—the period of observation for the agglutinating samples.
A similar negative result was found if latex spheres coated with
hCG antigen were incubated with goat anti-hSA antibody.

(b) Experimental Method. The distribution of cluster sizes
was measured by using a Nanopar resistive pulse particle size
analyzer.2? In our instrument the reaction mixture was separated
into two regions by a polycarbonate film (thickness 8.0 um) which
is pierced by a single cylindrical pore (diameter ~2 um). Pores
are produced by etching damage tracks made by fission fragments
from 22Cf. The pore permits the flow of solvent and solute (ions
and clusters) between the two parts of the chamber. A flow of
electrical current carried by the mobile ions through the pore is
established by ~1.8 V potential difference impressed across the
pore by a pair of electrodes. A simple circuit maintains an es-
sentially constant electric current across the pore. A small hy-
drostatic pressure difference (~4 in. of water) across the pore
results in a flow of the clusters of cross-linked polystyrene spheres
across the pore. The density of particles is low enough that on
the average the number of particles contained in a volume of the
pore is at most 0.07. Thus it is quite unlikely that the pore
contains more than one cluster at a time. On the average a cluster
remains in the pore for ~0.5 ms. An insulating particle cluster
in the pore distorts the ion current in such a way as to increase
the electrical resistance of the pore. The change in pore resistance
is directly proportional to the volume of solvent displaced by the
cluster and hence to the number of units in the cluster for linear
dimensions of the cluster less than about four-tenths of the pore
diameter.®# Under these conditions, the amplitude of the voltage
change AE produced by the passage of a cluster through the pore
is proportional to the number of particles in the cluster. The
distribution of pulse heights produced by the random passage
of different size clusters can then be accumulated electronically
and converted into a distribution which displays the number of
clusters counted as a function of the measured voltage change
AE. This distribution is quasicontinuous in the sense that each
peak associated with an aggregate of order n has a finite width.
Contributions to this width come from: intrinsic polydispersity
in the latex sphere’s radius, entrance and exit effects,?? and
second-order effects on AE associated with the orientation of
asymmetrical clusters.®® In the following data analysis section
we shall describe the procedure used to deconvolve this continuous
distribution of overlapping peaks so as to obtain a discrete his-
togram of the number of clusters vs. the order number n.

(¢) Data Analysis. The experimentally observed distribution
of pulse heights contains clearly defined peaks for values of n
usually from n = 1-6. For larger values of n, the distribution is
monotonically decreasing. The value of AE at the maximum of
each resolvable peak is found to be an integral multiple of the
value AE, corresponding to the monomer peak, thus confirming
the linear relationship between AE and the order of the cluster
at least for 1 £ n < 6. In view of this, we assume this linear
relationship continues for higher n and divide the AE axis into
bins whose centers are at pAE|, where p = 1, 2, 3..., and whose
boundaries are at pAE; & AE;/2. All the counts falling within
each bin are taken to be associated with a cluster having a value
of n = p. This simple deconvolution procedure provides a his-
togram for the cluster size distribution which is in very good
agreement with that obtained by using a more sophisticated
deconvolution involving overlapping Gaussians with adjustable
peak heights and widths.3! Using this procedure, we obtained
histograms of the number of clusters (N,) vs. the order (n) for
a finite counting interval (usually 200 s).

Let N, be the total number of monomers which would move
through the pore in a given time in the absence of aggregation.
Nj can be determined experimentally in two different ways. In
the first way we allow an unaggregated sample of the carrier
particles to pass through the pore under the influence of a pressure
gradient equal to that applied to the aggregating sample. Call
the value so obtained (Ng);. In the second method we can actually
count the number of units in all the clusters, using the conservation
of mass condition. This gives (Ng); as

(No)g = ZnNn e8]

provided that all the material is in the solution phase. In this



Vol. 13, No. 4, July-August 1980

second method possible variations in the flow rates are unim-
portant.

The theoretical measure of the cluster size distribution is the
ratio X,/ X where X, is the mole fraction of clusters of order n
in the solution and X is the total mole fraction of latex spheres
initially put into the solution. From the definition of N, and N,
we have

Xp/X = Nu/Ny @)

N, is found directly from the data analysis of the experimental
histograms, and N, can be obtained in either of the two ways
mentioned above. In fact, for those distributions in which i g
(onX,/¥X,) < 4, we were able to show experimentally that (Ny);
= (Ny)g to within 10%. On the other hand, for i > 4 the dis-
tribution for N, falls off so slowly that an accurate value of (N),
is not possible. In calculating X,/ X we used Ny = (Ny), for all
the distributions for which 2 > 1.5 and N, = (), for all the
distributions for which 72 < 1.5 so as to obtain the most accurate
estimates of X,/ X.

Each of the X, distributions can be characterized by an ex-
perimentally measured parameter b defined as

XX,
X

2N,
b= (1 "N ) (3b)

In the case where the clusters are branched trees having no
cyclic structures, and if only the solution phase is present, then
b has a simple physical interpretation. It is simply the mean
number of bonds per latex particle. This is seen as follows. Since
(n - 1) is the number of bonds in a branched cluster, the number
of bonds per particle in all the clustersis 3" (n - 1)X,,/X. If all
the material is in solution phase clusters, then nX, = X, and
hence the mean number of bonds per particle is equal to the
quantity b defined in eq 3.

Under the conditions above, one can also relate b to /i, the mean
cluster order number (or the mean cluster “size”). 7 is defined
as

b= 1- (3a)

or

n=xnX,/2X,

If all the particles are in the clusters in solution, then /i = X/ ¥ X,
=1/(1 - b). Hence we see that

b=(1-1/n) ()

At the beginning of the aggregation process b = 0. In the extreme
case of a heavily aggregated sample 7 = « and b — 1. Thus the
entire range of bis 0 £ b < 1.

Results

We determined the N, histograms as a function of time
(t) for a wide range of the following: mole fraction of latex
spheres (X), concentrations of antibody [ab],, and solution
ionic strengths (I). These system variables were changed
within the following domains: 107 < X <1074, 1077 M/L
> [ab], > 101 M/L, 0.1 M/L > I > 0.025 M/L. The range
of times studied was 3 min < ¢t < 48 h. From the exper-
imentally measured N,, and N, we computed the value of
the parameter b, using eq 3b for each observed distribution.
This distribution parameter b is of course functionally
related to each of the system variables, viz., b =
b(X,[ab]yl,t). We were able to obtain closely similar values
of b, using widely different combinations of the system
variables X, [ab],, I, and t. After extensive and careful
analysis® of the data, we found that the detailed form of
the cluster size distributions (N,/N;) was determined
solely by the value of b itself and was independent of the
particular combination of the system variables (X,[ab],./,t)
which produced that value of b. In view of this finding
we shall present our findings on the cluster size distribu-
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Figure 1. Cluster size distributions X,/ X vs. n for various values
of the parameter b = (1 - 3~ X,/ X) equal to or greater than 0.75.

tions X, /X as functions only of b and n. The detailed
dependence of b upon X, [ab],, I, and ¢ individually will
be described in another paper.

In Figure 1 the experimental points showing X, /X are
plotted vs. n for values of b in the range 0.75 < b < 0.995.
The linearity of X,/X vs. n on these log-log coordinates
shows that, in the observed range of n values, X,/ X « n"".
This power law is an empirical representation of our data,
yet it is consistent with theoretical expectations which are
discussed below. The values of the exponent 7 for each
distribution were determined from a straight-line fit
(dotted lines) and displayed in the figure inset on the
upper right. It will be noted that as b — 1, 7 ~ 1.4 £ 0.15.
Further data must be taken to establish whether or not
7 is in fact systematically less than 3/2 as suggested by the
slopes shown in the inset.

For values of b < 0.75 the values of n for which X,/ X
are measured most accurately are typically less than n =
5. Thus, we find it more convenient to present the cluster
size distributions as functions of b for fixed values of n,
1 = n =< 4. In Figure 2 we plot as experimental points our
measurements of nX,/X vs. b for n = 1-4. The error
estimates are indicated by bars on selected experimental
points.

The cluster size distributions found above can be rep-
resented well by the following formula, whose theoretical
origins will be discussed in the next section.

X, (1 -bem(nbrl
X n! 5)

A useful asymptotic form for this distribution valid as
b—1is:

X, 1 (@-b) 1
(7) TR ©
where
F(n,b) = (belt)" (7a)

Asymptotically, as b — 1 we can write b = 1 — ¢, and

9 n
Flnb) =~ (1-%+...) ~ (1—%2) (7b)

Thus F(n,b) = 1 as b — 1 provided that n « 2/(1 - b)2
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Figure 2. Cluster number distributions nX,/X vs. b forn = 1-4,
The solid lines are obtained by using eq 5.

These conditions on n and b are in fact satisfied for our
data for 0.9 < b < 1.0 and n < 40. Thus we see that eq
5 predicts X,/ X — n™%/2, over the region of n of our data,
as b — 1. This is borne out by the experimental data
shown in Figure 1.

In Figure 3 we show as solid lines the predicted values
of X, /X obtained by using eq 6 with F = 1 for b > 0.93.
For each calculated distribution the value of b used was
that obtained from the data, using eq 3a. In the case of
b = 0.75, the exact formula eq 5 was used.

In Figure 2 we plot as solid lines nX,/X vs. b for n =
1-4 for values of 0 < b < 0.75 and show the close matching
of the experimental data with these lines. A particularly
stringent quantitative test of the accuracy of eq 5 in de-
scribing the data can be made as follows. We can rewrite
eq 5 as follows

b X\
(n':—l(_pb)f) = bet 8)

Thus, expressing our experimental data on X,/ X in the
form shown on the left-hand side of eq 8 and plotting it
as a function of b should provide the same function, be™®,
for each value of n. We carried out this procedure for n
= 1-4 and the results are shown as points in Figure 4. The
solid lines shown are the function be™. Clearly the data
in Figure 4 agree quite satisfactorily with the form of eq
8 for X,/ X over the entire range of 0 < b < 1. The com-
parisons between eq 5 and the data shown in Figures 2 and
3 as well show this equation to provide a quite satisfactory
representation of the measured cluster size distributions.

Discussion

Recent theoretical investigations!®!” of the cluster size
distributions emphasize the characterization of the dis-
tributions and their moments in the vicinity of the con-
densation or gelation point (b,) in terms of certain expo-
nents 7, o, ag, B, v, Which occur in the precolation theory.
For values of Ig > b,, both solution and gel phases can
coexist. For b < b, only the solution phase is present.
These theories use as a measure of the distance from the
condensation point the parameter ¢ where

e=(b.—b)/b, 9
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the experimental values of X,/ X. Equation 5 is used for the b
= 0.75 distribution and the asymptotic form, eq 6, is used for b
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Figure 4. A comparison between the experimental data on X,/ X
vs. b and the theoretical form given in eq 8 for values of n = 1-4.

Using this definition of ¢, we have defined the exponents
7 and o in terms of the cluster size distribution X,/X as
follows!®

X,/ X, =, qonF(en?) (10)

where g, is a constant, and F is an analytic and positive
function of its argument Z = en’. The exponents ay, S,
and v, which describe the solution-gel transition are de-
fined in terms of the various moments of the cluster size
distribution as follows. The zeroth moment of the dis-
tribution (W) is

N= Y X, /X (11a)
n=1

Physically WV is the total number of clusters regardless of
size divided by the total number of units X. The exponent
o, is determined by the asymptotic behavior of NV as the
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Table I
Exponents Characterizing the Cluster Size Distributions
exponents
b, T o oy 8g Ve

present experiments 1 1.4+ 0,15 0.5 2
kinetic distribution for a,,' = B(n + n'); statistical 1 1.5 0.5 2

distribution for ARB;., monomers
kinetic distribution for a,,’ = Cn-n'; statistical 1/2 2.5 0.5 1 1

distribution for RA; monomers f = «
percolation theory d = 3 2.18 0.46 ~0.6 0.39 1.8

gel point is approached, i.e., as ¢ — 0, according to the
equation

W =N & [P (11b)

Here N is a function which is analytic in near e = 0. «,
is the exponent which describes the power law dependence
of the nonanalytic part of W, if any such part exists.
The first moment (S) of the cluster size distribution is
the fractional number of units in the solution phase:
S=¥nX,/X (12a)
n=1
For b < b, all the material is in the solution phase and S
= 1. For values of b exceeding the critical condensation
point, the normalization of S fails and the missing material
appears in the gel phase. The gel fraction G is defined as

G=(01-29) (12b)

and the exponent 3, is defined® in terms of the depen-
dence of G upon ¢ near ¢ = 0, viz.,

G o« |¢f’ (12c)

The second moment of the distribution, or the degree
of polymerization, DP,, is defined!¢ as
DP, = X n?X,/X (13a)
n=1
The exponent v, is defined in terms of the dependence of
DP, on ¢ as ¢ — 0, viz,,'®

DP,, « |¢| (13Db)

It is important to recognize that the exponents oy, 8,,
and v, as defined above following Stauffer!® are theoret-
ically and numerically different from the exponents «, 8,
and v which describe the divergence of the specific heat,
the shape of the coexistence curve, and the divergence of
the compressibility in the vicinity of the critical point for
the gas-liquid phase transition. There are two reasons for
this difference. The first is that in the case of the gas-
liquid phase transition the fractional distance from the
critical point is |(T, ~ T)/T| and the analogous variable
for this in the solution-gel transition is not € but rather
{=(X,- X,)/X,| where X, is the mole fraction of mo-
nomers and X _is the maximum value of X; which obtains
when b — b,. The second difference is that the free energy
in the percolation or gelation problem has a different
symmetry property upon reversal in sign of the order pa-
rameter than does the free energy of the gas-liquid phase
transition.

In Table I we list in row 1 the value of b, and the values
of the exponents which can be deduced from our experi-
ments. The distribution we have found to describe our
data, i.e., eq 5, has as its condensation point the value b,
= 1. Thus for this distribution ¢ = (1 — b). In our dis-
tribution the critical condensation point b, = 1 occurs at
the limit of the possible values of b. As a result one can
asymptotically approach the condensed phase but cannot
enter into it. This corresponds to a phase transition at T

= 0. As a result no gel phase occurs and the exponent 8,
cannot be obtained from our data. In column 2 we present
the value of 7 obtained from our data in Figure 1.

We can obtain o from the form of X,/ X as b — 1. Using
eq 10, 6, and 7, we see that ¢2n?’ — ¢2n. This implies 0 =
1/2. We place this value of ¢ in column 3 of Table I with
the reservation that eq 7 for F only applies for ¢ = 0 and
so the ¢2 dependence expressed in eq 7b cannot be exam-
ined experimentally for both negative and positive values
of e.

Using eq 11a for N and eq 5 for X,/ X, we can compute
N vs. e = (1 - b). This gives

N=(1-b)=c¢ (14)

Thus W is analytic in ¢ and the exponent «, cannot be
deduced from the distribution of eq 5. Accordgingly, a gap
is left in column 4.

Using eq 13a and eq 5, we can compute DP,. This gives

DP, =1/(1-b)2=1/& (15)

Thus v, = 2, and this is included in column 6, row 1, of
Table L.

We now examine theoretical predictions for the form of
the cluster size distributions keeping in mind that our
system evolves in time and that therefore a kinetic de-
scription should be considered. In fact under the condi-
tions of our experiment® the reaction between units ap-
pears to be unidirectional: once particles are bound they
do not dissociate. To describe the kinetics of the reaction
we regard the development of the clusters as the result of
“bimolecular” encounters. We may define a bimolecular
reaction rate constant a,, ., in terms of the rate of formation
of an n + n’ mer in the presence only of n mers and n’
mers. Thus if X, is the mole fraction of n mers present,
a bimolecular reaction implies that:

Xn’+n = an’an’Nn (16)

where a,, = a,.,. The magnitude of a,, and its depen-
dence on n,n’is controlled by the detailed form of inter-
action between units and by the physicochemical param-
eters of the solution.
The unidirectional kinetic equations for the distribution
function X, have the form:%%®
(n-1) w
Xn = 1/2 Zla(n—n’)n’Xn—n’Xn’ - Zlann’Xan’ (17)
n'= n'=
In this generalized von Smoluchowski equation,!® the first
terms on the right-hand side represent the rate of forma-
tion of n mers from all possible pairs of clusters which
together contain n units. The second term on the right-
hand side of eq 17 represents the rate of loss of n mers due
to their combination with all other possible n’ mers.
Analytic solutions for eq 17 exist if the a,,’s have the
following general form

a,,=A+ B(n+n)+ Cnn) (18)
and these solutions have been reviewed by Drake.!® These

solutions have the property that at each instant of time
and for fixed A, B, and C, X, /X is a function only of n
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and b where b = >_(n — 1) X,/ X and is identical with that
defined above in eq 3. b obeys a differential equation in
time whose functional form is determined by the relative
magnitudes of A, B, and C. Thus the structures of the
solutions of these kinetic equations have the interesting
property found experimentally, namely, that at each point
in time the distribution can be characterized with the
single parameter b.

In the particular case where a,,, = B(n + n),ie, A =
C = 0, Golovin!®2! has shown that the cluster size distri-
butions X, /X obtained from the kinetic equations have
precisely the same form as that given in eq 5 which fits
our data quite well. Thus our experimental distributions
are consistent with those obtained theoretically from uni-
directional kinetics provided that the bimolecular reaction
rate constant has the simple form a,,- = B(n + n’.

The experimentally observed distribution (eq 5) can also
be obtained theoretically, assuming chemical equilibrium
is achieved between each of the n mers in the distribution.
Indeed, Flory (ref 2, p 365) has obtained the form of the
cluster size distribution for condensing monomers of the
type ARB;;. Each such monomer has exactly one A site
and (f - 1) B sites, and linkage occurs only between A and
B sites. It can be shown® that in the limit f > n the
theoretical cluster size distribution for such monomers has
precisely the form of our experimental distribution, eq 5.
The critical exponents corresponding to this distribution
are listed in row 2 of Table I.

It might be argued that the attachment of an antibody
to an antigen on the surface of the carrier particle produces
a monomer of the ARB,; form. However, analysis® of
the number of bound antibodies shows that over the range
of our experiments the number of antibodies and hence
A type sites ranges from a minimum of 10 to a maximum
of ~f. To obtain the form of eq 5 in the limit f > n, it
is in fact essential that there be exactly a single A site on
the carrier particle.

The theoretical distribution which is most widely used
in the description of the solution—gel transition is the
Flory-Stockmayer distribution?? describing the conden-
sation of monomers of the form RA,. Each such monomer
has f A sites which are each available for cross-linking
between monomers. It can be shown?® that in the limit
f > n the Flory-Stockmayer distribution has the form

X -2bn n-1

Xn _ e "(2nb) 19)

X nn!
This distribution has markedly different properties from
that corresponding to the AR B;_; monomers (with f >> n),
particularly as regards the solution-gel transition. We
summarize these properties in row 3 of Table I. The
Flory—Stockmayer distribution has a critical condensation
point at b = 1/2. The various moments of the distribution
can be calculated®® and one obtains:

N=Y%+ (- b (208)
G,z ,40-1/) (20D)
DPy, = %,/ - b) (20c)

The corresponding critical exponents are listed in Table
I. Comparison of these theoretical results for the R.A;
system with those of the AR B, system with f —  shows
that the critical exponents near the condensation point
depend markedly on the structural restrictions on the
combinatorial possibilities allowed between monomers.

The distribution of eq 19 also results from a kinetic
analysis. If A = B = 0 in eq 18, i.e., if the reaction rate
constant a,,  has the form a,,, = Cnn’, then the solu-

Macromolecules

tion®1520 of the kinetic eq 17 has the Flory-Stockmayer
(f — «) form given in eq 19.

Finally, in the fourth row of Table I we list theoretically
calculated values of the critical exponents from three-di-
mensional percolation theory.!® The predicted value of 7
is clearly outside the limit of error found in our experi-
mental determination of 7.

Conclusions

The present experiments provide a remarkably detailed
measurement of the cluster size distributions of a model
system of highly polyfunctional units undergoing con-
densation. The distributions X,/ X are characterized by
a single parameter b, the mean number of bonds per unit,
and the distributions have been measured over the full
range of values of b, 0 < b < 1. The critical condensation
point b, for this system is found to occur at b, = 1. Thus
the system never enters into the gel phase. Nevertheless,
asymptotically as b — 1 the experimental distributions are
found to have the form (eq 10), viz., (X,,/ X) = qon""F(en®),
where F(en°) — 1 as ¢ — 0. This finding permits us to
deduce the critical exponent 7,'¢ and we have found r =
1.4 = 0.15.

It is difficult to deduce the exponent v, directly from
the measured X,’s. To obtain vy, one must accurately
evaluate the sum 3" 3n2X,, as b approaches unity, To re-
liably evaluate this sum, it is necessary that X, be known
accurately for values of n larger than those shown in the
data of Figure 1. In fact, it is necessary to know X, in a
region of n for which F(en®) < 1. To circumvent this
difficulty we note that the X,’s closely follow the form of
eq 5 as a function of b for n = 1-4, Also as b — 1 this
distribution agrees with data which extend to n ~ 30. If
we assume then that eq 5 is an accurate representation of
X,/ X for the entire range of values of n and b, we can
compute the degree of polymerization DP,, which is es-
sentially the second moment of the cluster size distribution.
This is found to vary with b over the entire domain of b
as DP,, = 1/(1 - b)? which signifies that the critical ex-
ponent!® v, is equal to 2.

Also, as b — 1 the distribution of eq 5 can be used to
obtain the limiting form of F(n,b) as b — 1 from below.
Since in this analysis b is restricted to values of b < 1, the
validity of a power series expansion for F about b = 1 is
clearly open to question. Keeping this reservation in mind
the form of F(nb) is found to be F(n,b) — (1 - n(1 - b)%/2
+ ...) (as b — 1), and this suggests provisionally that the
critical exponent ¢ be assigned the value /5.

The distribution which we have found experimentally
is the same as that predicted for an equilibrium distribu-
tion of condensing monomers of the form ARB, in the
limit f >» n. Such monomers contain one A site and
f — 1 B sites and bonding may take place only between A
and B sites. Also, our distribution is in agreement with
the solution of the unidirectional generalized von Smolu-
chowski kinetic equations'® provided that the bimolecular
reaction rate constants have the form a,,. = B(n + n’).
Here n and n’ are the number of monomers in each of the
reacting clusters. Our results are markedly different from
the distribution of identical polyfunctional units of the
form RA; in the limit f > n. For finite f, this system obeys
the well-known Flory—Stockmayer distribution. Our values
of ¢ and v, are close to those predicted by three-dimen-
sional percholation theory (see Table I), but our value of
7 is distinctly different from the predictions of that theory.

These experimental and theoretical findings make it
clear that the exponents which describe the form and the
moments of the cluster size distribution in the vicinity of
the critical condensation point will depend markedly on
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the allowed forms of interaction between the condensing
monomers.

Finally, we compare the structure of our monomers with
those appropriate to the theoretical models mentioned
above. The binding of bifunctional antibody molecules to
some of the f antigenic sites on each of the carrier particles
produces monomers having on average € A type (active
singly bonded antibody) sites and on average f — & B type
(unlinked antigen) sites. The monomers interact by
forming bonds between A and B sites. Each monomer
thus is of the form AR B, , where e is distributed among
the monomers according to a Poisson distribution having
as its mean &. Using a method described previously,? we
have determined that in the present experiments the
smallest value of € = 10 and the largest value is ¢ = f/2.
It remains to be seen how such a distribution of high
functionality monomers (f ~ 10%) can interact kinetically
or statistically so as to produce the experimentally ob-
served cluster size distributions.
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